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Abstract
We examine the prime gaps using a statistical approach. It is first
shown that the Andrica’s conjecture is true for half or more cases.
Using the arguments of averages, it is further shown that Andrica’s
conjecture is true. We further obtain a precise bound for the Andrica’s
expression.
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1 Introduction
It is well known that there is no formula to find the n-th prime. So, the
gaps between two successive primes are of a keen interest. We shall infer
the average gap between the primes using statistical techniques. Here, we
shall consider the Andrica’s conjecture. Let the n-th prime be denoted by
pn. Andrica’s conjecture states that
Conjecture 1 (Andrica’s Conjecture): Andrica’s conjecture states that,
for pn the n-th prime number, the inequality
hn ≡ √pn+1 −√pn < 1
holds for all n. The limhn = 0.
If gn = pn+1− pn denotes the n-th prime gap, then Andrica’s conjecture can
also be rewritten as gn < 1 + 2
√
pn. Numerical data confirms the conjecture
for n up to 1.3002× 1016 (see [1] for details). Dorin Andrica published this
conjecture in 1986 [2]. Andrica’s conjecture implies other conjectures such as
the Legendre’s conjecture, which states that there is a prime number between
n2 and (n+ 1)2 for every positive integer n. It also has a bearing on certain
other conjectures as well. In this article, we shall conclude that the average
value of {hn} denoted by h¯n satisfies h¯n ∈ (0 , 1). From this, we further
conclude that half or more of the {hn} are less than one. We work out an
inequality for the average function, which states that the average value of
{hn} is a decreasing function. Using the arguments of averages, it is further
shown that Andrica’s conjecture is true. We further obtain a precise bound
for the Andrica’s expression.
In the remainder of this section, we shall note a few basic results for the
k-th prime and the approximations we may be using. In the next section, we
shall present the statistical approach to the prime gaps. Section-3 has the
statistical approach to the Andrica’s conjecture. Section-4 has the proof of
the Andrica’s conjecture. Section-5 addresses the generalization of Andrica’s
conjecture. Section-5 has the concluding remarks.
There are several bounds for the k-th prime such as pk > k ln k due to
Rosser [3]. This was subsequently improved to [4]
k {ln k + ln ln k − 1} < pk < k {ln k + ln ln k} , for k ≥ 6 . (1)
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Better bounds are available in the works of Pierre Dusart [5]
pk ≤ k
{
ln k + ln ln k − 1 + ln ln k − 2
ln k
}
for k ≥ 688383
pk ≥ k
{
ln k + ln ln k − 1 + ln ln k − 2.1
ln k
}
for k ≥ 3 . (2)
In our approach, it is sufficient to use simpler expressions for the pk. In
some of the expressions, we shall use an “oversimplification”. It is straight-
forward to see that
(ln k + ln ln k) = ln (k ln k) < k . (3)
This simplification leads to
pk < k
2 . (4)
The other simplification, we shall be using is
pk ∼ k ln k . (5)
2 Statistical Approach to Prime Gaps
Let us consider the following sum
n∑
k=1
gk = g1 + g2 + g3 + · · ·+ gn
= (p2 − p1) + (p3 − p2) + (p4 − p3) + · · ·
+ (pn+1 − pn)
= pn+1 − p1 , (6)
where p1 = 2. We have used the telescoping property in the above summa-
tion. Next, we rewrite Eq. (6) as
n∑
k=1
gk + 2 = pn+1 . (7)
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We divide the expression in Eq. (7) with n and then rearrange to obtain the
average value of the first n prime gaps denoted by g¯n
g¯n ≡ 1
n
n∑
k=1
gk
≡ pn+1 − 2
n
∼ ln(n) . (8)
Thus, we conclude that the average value of {gn} is about ln(n). A better
average can be obtained by using better bounds of pk. Since, (ln k + ln ln k) =
ln (k ln k) < k, we can also have an oversimplified statement that g¯n < n.
3 Statistical Approach to Andrica’s Conjec-
ture
Let us consider the following sum using the Andrica’s expression
n∑
k=1
hk = h1 + h2 + h3 + · · ·+ hn
= (
√
p2 −√p1) + (√p3 −√p2) + (√p4 −√p3) + · · ·
+ (
√
pn+1 −√pn)
=
√
pn+1 −√p1 , (9)
where
√
p1 =
√
2. We have used the telescoping property in the above
summation. Next, we rewrite Eq. (9) as
n∑
k=1
hk +
√
2 =
√
pn+1 . (10)
We divide the expression in Eq. (9) with n and then rearrange to obtain the
average value of the first n gaps {h} denoted by h¯n
h¯n ≡ 1
n
n∑
k=1
hk
≡
√
pn+1 −
√
2
n
. (11)
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For the present, we shall use the oversimplification in Eq. (4) to obtain
h¯n ≡
√
pn+1 −
√
2
n
<
n+ 1−√2
n
= 1−
√
2− 1
n
< 1 . (12)
Thus, we conclude that the average value of {hn} is less than unity. By
construction hn is positive. So, h¯n ∈ (0 , 1). This restriction on the average
value of {hn} has implications.
If any of the hk > 1 then h¯n ∈ (0 , 1) ensures that there exists one or more
complementary hk′ < 1. For instance hk ∈ [1 , 2) then hk′ < 1 in order to
sustain the h¯n < 1. We only know that the average value is less than unity.
Individual values may have lower or/and upper bounds! If hn happens to
be bounded from below, then we shall require more than one hk′ to sustain
the h¯n ∈ (0 , 1). If hk ∈ [2 , 3), then we need at least two hk′ < 1 to sustain
the h¯n < 1. Even if we include an hk ∈ [1 , 2), we will still need at least
two hk′ < 1 in order to sustain the h¯n ∈ (0 , 1). Again, if the hn happens to
be bounded from below, we shall require more than two hk′ < 1 in order to
sustain the average. Likewise, if hk ∈ [m,m+1), then we require m or more
number of hk′ < 1 due the restriction, h¯n ∈ (0 , 1). Thus, we can conclude
that that half or more of the {hn} are less than one. This statistical inference
is summarized in
Theorem 1 (Andrica’s Conjecture is satisfied by half or more prime
pairs): Andrica’s conjecture states that, for pn the n-th prime number, the
inequality
hn ≡ √pn+1 −√pn < 1
holds for all n. Statistically, the average value of {hn} is bounded as h¯n ∈
(0 , 1). Consequently, the inequality is satisfied by half or more of such prime
pairs.
The statistical count can be improved to more than half, using standard
statistical techniques.
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4 Proof of Andrica’s Conjecture
The interrelated prime gap gn ≡ pn+1 − pn and the hn = √pn+1 − √pn can
be analyzed using the average h¯n. We note the identity
(pn+1 − pn) = (√pn+1 −√pn) (√pn+1 +√pn) . (13)
Using the identity in Eq. (13), we note the following
gn = hn (
√
pn+1 +
√
pn) . (14)
Using the definition of averages and the relation in Eq. (10), we obtain the
exact expressions
nh¯n =
√
pn+1 −
√
2
(n− 1)h¯n−1 = √pn −
√
2 , (15)
By construction in Eq. (15), we have
nh¯n > (n− 1)h¯n−1 . (16)
Then, we have
h¯n < h¯n−1 . (17)
It essentially means that h¯n is a decreasing function of n. This can also
be inferred from the fact that the average is bounded in the unit interval.
Alternately, we can have an explicit function of h¯n in terms of n. The required
function is
h¯n ≡ 1
n
n∑
k=1
hk
=
1
n
{√
pn+1 −
√
2
}
∼
√
(n+ 1) ln(n+ 1)−√2
n
∼ 1√
pi(n)
< 1 , (18)
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where pi(n) = n/lnn is the prime counting function. The average for large n
tends to zero. Again, we note that h¯n is a decreasing function of n with the
restriction h¯n ∈ (0 , 1). From Eq. (17) and Eq. (15), we have
h¯n < h¯n−1√
pn+1 −
√
2
n
<
√
pn −
√
2
n− 1 . (19)
After some straightforward algebra on Eq. (19), we have
hn ≡ √pn+1 −√pn
<
√
pn+1 −
√
2
n
= h¯ ∼ 1√
pi(n)
< 1 . (20)
Thus, we have the proof of the Andrica’s conjecture. Moreover, we have been
able to obtain a function for the Andrica’s expression. This enabled us to
note that limhn = 0. Hence, the conjecture is proved completely.
5 A Generalization of Andrica’s Conjecture
Let us consider the following generalization of Andrica’s conjecture
h(x)
n
≡ px
n+1 − pxn < 1 . (21)
We are considering a general power x in place of the 1/2. The range of x
shall also be determined during the proof. Then, our approach leads to the
inequality
h(x)
n
≡ px
n+1 − pxn
<
px
n+1 − 2x
n
∼ p
x
n+1
n
< 1 . (22)
This can be solved as
px
n+1 < n
(n lnn)x < n
lnn < n
1
x
−1 . (23)
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The quantity (lnn) can always be suppressed by nb with b > 0 for n ≥ n0.
In our case, b = 1
x
− 1. That is
lnn < nb , for b > 0
n < en
b
, for n ≥ n0 . (24)
Consequently, x ∈ (0 , 1). For all x outside this interval, the inequality in
Eq. (23) fails as we are seeking solutions in n. The value of n0 depends on
the value by b. For x ∈ (0 , 1/2], n0 = 1, since b ≥ 1. In the remaining half
of the interval x ∈ (1/2 , 1), n0 ≥ 1, since b < 1. Hence, the generalized
Andrica’s conjecture is satisfied through the solvable inequality in (23). For
x = 1/2, we have lnn < n. This is the same oversimplification, which we
have used in Eq. (12).
6 Concluding Remarks
We derived the average gap and showed that it is bounded in the interval
(0 , 1). This strengthened the Andrica’s conjecture and also affirmed that it
is satisfied in half or more cases. By deriving an inequality for the averages,
we are able to have a proof for the Andrica’s conjecture. We also considered
one of the generalization of Andrica’s conjecture by relaxing the power in
Andrica’s expression from 1/2 to a general x ∈ (0 , 1). This generalization
was proved through an inequality, whose solution was also given in detail. In
passing, we note that statistical techniques can be used to model the prime
gaps. Of course, any such modelling has to be consistent with the established
results.
An immediate implication of Andrica’s conjecture is on the prime gaps
gn ≡ (pn+1 − pn). If we use the simple expression, the number 1 for the
Andrica’s expression then, gn ∼ 2√pn ∼ 2
√
n lnn from Eq. (14). But now,
we have a function for the Andrica’s expression in Eq. (20) leading to the
bound
gn ≡ pn+1 − pn
= hn (
√
pn+1 +
√
pn)
< 2hn
√
pn+1
< 2
{√
pn+1 −
√
2
n
}√
pn+1
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∼ 2pn+1
n
∼ 2pn
n
∼ 2 ln(n) . (25)
This is twice the average value g¯n ∼ ln(n) in Eq. (8).
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